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We study what kind of topological crystalline insulator phase emerges from nodal line semimetal
phases in the face-centered cubic lattice when spin-orbit coupling (SOC) is introduced. We construct
an effective model which hosts two different nodal lines phases, and calculated mirror Chern numbers
in it by introducing SOC. As a result, we find that the two nodal line phases with different nodal line
configurations are mapped to different topological crystalline insulator phases. This result shows
that turning off SOC and checking the nodal line configuration can distinguish the two topological
crystalline insulator phases, which have not been distinguished by previous methods.
Introduction.— The development of an easy and sim-
ple diagnostic method of topological insulators is one of
the greatest goals in the field of topological materials sci-
ence [1–6]. Nowadays, an advanced diagnostic method
called the symmetry-based indicator has been proposed
[4]. The symmetry-based indicator is given by checking
irreducible representations (irreps) on the high-symmetry
point (line, plane) of Brilloiun zone (BZ), and it works
as a diagnostic method for topological insulators with
spin-orbit coupling (SOC) [7–9].
Not only for topological insulators, a diagnostic
method for topological semimetals without SOC has also
been studied [10–12]. It is partially because the topo-
logical semimetals without SOC are considered to be the
”parents states” of many topological states when SOC
is introduced [13–17]. The topological semimetals with-
out SOC are divided into two groups. One of them is the
semimetals with nodes on the high-symmetry line (plane)
in BZ [16, 18–23]. The other is the semimetals with nodes
in the generic points [10]. The former is relatively easy to
find because the first-principles calculation usually calcu-
lates the band dispersion along the high-symmetry lines
[24]. On the other hand, the latter is difficult to find,
and thus diagnostic methods for them are energetically
studied. As a diagnostic method for them, a symmetry-
based method has been proposed, in which the concept
of the symmetry-based indicator is used [10]. Since the
methods use the same concept with the symmetry-based
indicator, a ”mapping” between them has been discussed,
i. e., what kind of topological insulator emerges from a
topological semimetal (”parent state”) when SOC is in-
troduced [10]. However, this mapping is not understood
well for the former group, which is topological semimetals
with nodes on the high-symmetry lines.
To consider the mapping from topological semimet-
als with nodes on the high-symmetry lines to topological
insulators, there is a suggestive example of a nodal line
semimetal, which is a kind of topological semimetals. For
inversion and time-reversal(TR) symmetric nodal line
semimetals without SOC, a diagnostic method called the
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Z2 index is defined [11]. This Z2 index is defined in
the same way as the well-known Fu-Knae Z2 index for
TR protected topological insulators [1]. This means that
a nodal line semimetal with a non-trivial Z2 index is
mapped to a topological insulator with the same non-
trivial Z2 index, when SOC is introduced [19, 20]. A
recent progress extended the Z2 index to Z4 index, and
revealed a new classified Z4 = 2 phase correspond to
nomopole-charged nodal line when SOC is neglected [25].
It is also revealed that the Z4 = 2 monopole nodal line
phase is mapped to the higher-order topological insulator
phase [26, 27]. Meanwhile, some materials are proposed
as nodal line semimetals with trivial Z4 index [22, 23]. A
question then naturally presents itself: to what kind of
topological insulator phase these nodal line semimetals
are mapped?
In this letter, to answer the question above, we discuss
a mapping from a nodal line semimetal with trivial Z2
index to topological crystalline insulators [28, 29]. Based
on the proposed material examples in the face-centered
cubic lattice (FCC, Space group #225) system [22, 23],
we construct a generalized two-bands effective model,
which keeps the same nodal line structure as the material
examples. By using the model, we show that the nodal
line in the system is mapped to a mirror Chern number
when SOC is introduced. Furthermore, we show that the
difference in the path of the nodal line corresponds to the
difference between the topological crystalline insulator
phases. This result can lead to a subdividing diagnostic
method beyond the symmetry-based indicator.
Target system.— We assume a nodal line semimetal
in the FCC system without SOC (Fig.1). To focus on
a more concrete system, we construct a half-filled two-
bands simple effective model based on realistic cases
[22, 23]. To describe the realistic case well, the two-bands
model should satisfy the following assumptions.
(i) The nodal lines are given as a result of band inversion
at the L-point and they are protected by TR+inversion
symmetry [30, 31] (Fig.1(b)).
(ii) The band inversion at the L-point does not make a
mirror protected nodal line on the (110) plane, i. e., the
inverted two bands have the same mirror eigenvalues.
(iii) By tuning a parameter, nodal lines touch each other
2FIG. 1. (a) Brillouin zone of face-centered cubic lattice (Space
group #225, Fm3¯m). (b)(c)(d) Nodal lines (red lines) in the
system we assume. The configuration of nodal lines depends
on a parameter. The (001) mirror plane and the (110) mir-
ror plane is shown as green and red planes, respectively. The
hexagonal surface of the BZ is shown as a blue plane for con-
venience, though it is not a high-symmetry plane.
and reconnection occurs on the Σ-line (Fig.1(c)).
(iv) After the reconnection, the nodal lines are located
around the W-point and there is no nodal line on the
(001) plane (Fig.1(d)).
To satisfy the assumption (i), the band structure of the
two-bands model must have a crossing point on the Q-
line, and the two band must have different C2 rotational
eigenvalues. Considering these assumptions and the com-
patibility relation [32, 33], the irreps of two bands are
decided, Γ+1 and Γ
−
2 at the L-point, Γ1 and Γ4 at the W-
point, and Γ1 and Γ1 on the Σ-line (See supplementary
material (SM)[34] for the detail). Since the irreps of bases
have been obtained, we construct two by two models with
nodal line by using the k · p-perturbation within the
second-order of k for each high-symmetry point (line).
Here we call the constructed model as local models at
the L-point, the W-point, and the Σ-line. When SOC
term with an amplitude χ (> 0) is introduced into the
local models, they get gaped and the Berry curvature and
the mirror Chern numbers can be calculated. By consid-
ering a small SOC (small χ) case, we discuss a ”mapping
rule” from nodal lines to the mirror Chern numbers. Es-
pecially on Σ-line, we discuss how the reconnection of
nodal lines affects the Berry curvature and the mirror
Chern numbers.
Around the L-point.— First, we discuss the local model
at the L-point (The detail of the calculation is given in
the SM[34]). The local model without SOC is written as
HL = kzσx + (k
2
x + k
2
y + k
2
z −∆
2)σz . (1)
Here the kz direction is parallel to the Λ-line, the (110)
mirror invariant plane is the kx = 0 plane, and ∆ is a real
constant. The σ0,x,y,z are the Pauli matrices for orbitals.
In this model, a ring of nodal line emerges on the kz = 0
plane (Fig.2(b-1)). By introducing a Rashba type SOC
term with an amplitude χ (> 0) [35, 36], the four by four
local model with SOC is written as
HL,soc = HLs0 + χσy(−kysx + kxsy), (2)
where the s0,x,y,z are the Pauli matrices for the spin de-
gree of freedom. As a result of introducing the SOC term,
the nodal line vanishes and the model becomes gaped.
On the kx = 0 plane, this model can be block diagonal-
ized for the mirror eigenvalue. The block with +i mirror
eigenvalues is
HL,+ = kzσx − χkyσy + (k
2
x + k
2
y + k
2
z −∆
2)σz . (3)
The x component of the Berry curvature of the occupied
band is given as
BL,+,x =
χ
2R3L
(k2y + k
2
z +∆
2), (4)
where RL is defined as
RL =
√
k2z + χ
2k2y + (k
2
y + k
2
z −∆
2)2. (5)
The mirror Chern number of this local model is calcu-
lated as nM(110) = 1 (Fig.2(d-1)). In small χ limit, the
Berry curvature has sharp peaks on the points where
nodal lines penetrate when SOC is neglected (Fig.2(c-1)).
Since the mirror Chern number is topological invariant,
it must be kept in a large χ case. Therefore, the nodal
line is considered as a source of the mirror Chern num-
ber. There are two non-equivalent L-point on the (110)
plane, and thus the mirror Chern number of the whole
BZ is nM(110) = 2 (Fig.2(f-1)). Here ”non-equivalent”
means that the two L-points are not connected by the
reciprocal lattice vectors.
Around the W-point.— Next, we discuss the local
model at the W-point (The detail of the calculation is
given in the SM[34]). The local model without SOC is
written as
HW = (kz + ak
2
x − ak
2
y)σx + (k
2
x + k
2
y + k
2
z −∆
2)σz . (6)
Here the kz direction is parallel to the C2 invariant line
on the (001) mirror invariant plane (kx = 0 plane) and
∆ and a are real constants. In this model, a nodal line
emerges around the W-point and it is oscillating in the
kz direction, keeping C2 rotation symmetry around the
kz axis (Fig.2(b-3)). The local model with SOC is
HW,soc = HW s0 + χσy(−kysx + kxsy). (7)
On the kx = 0 plane, this model can be diagonalized and
the block of +i mirror eigenvalues is
HW,+ = (kz − ak
2
y)σx − χkyσy + (k
2
y + k
2
z −∆
2)σz . (8)
3FIG. 2. (a) Schematic pictures of nodal lines in the target systems. (a-1) Nodal lines around the L-point (the center of the
blue hexagon). The nodal lines penetrate the (110) mirror plane (red plane). (a-2) Reconnection of nodal lines. By tuning a
parameter, the radius of the nodal line is changed and the reconnection of nodal lines occurs. (a-3) Nodal lines around the
W-point. (b) Schematic pictures of the local model and nodal lines. (b-1) Local model around the L-point. (b-2) Local model
around the Σ-line. The left one is the b < 0 case, middle one is the b = 0 case, and the right one is the b > 0 case. (b-3) Local
model around the W-point. (c) Momentum dependence of the Berry curvature. (c-1) (110) component of Berry curvature in
the local model around the L-point. (c-2) Upper three panels are the (001) component and lower three panels are the (110)
component of the Berry curvature in the local model around the Σ-line. For both rows, the left one is the b < 0 case, the
middle one is the b = 0 case, and the right one is the b > 0 case. (c-3) (001) component of Berry curvature in the local model
around the W-point. (d) Mirror Chern number of the local models. (d-1) (110) mirror Chern number in the local model around
the L-point. (d-2) b dependence of the (110) mirror Chern number and the (001) mirror Chern number in the local model
around the Σ-line. (d-3) (001) mirror Chern number in the local model around the W-point. (e) Symmetry-based indicator.
The indicator is the same for both phases. (f) Mirror Chern numbers of the whole BZ. These values are calculated from (d) by
counting how many L-points (W-points) exist on the (110) mirror plane ((001) mirror plane).
4The y component of the Berry curvature of the occupied
band is
BW,+,x =
χ
2R3W
(k2y + k
2
z +∆
2 + 2ak2ykz), (9)
where RW is defined as
RW =
√
(kz − ak2y)
2 + χ2k2y + (k
2
y + k
2
z −∆
2)2. (10)
The mirror Chern number of this local is calculated as
nM(001) = 1 (Fig.2(d-3)). The sharp peak feature of the
Berry curvature is also seen in this case (Fig.2(c-3)), and
thus the nodal line is considered as a source of the mirror
Chern number. There are four non-equivalent X-point
on the (001) plane and the mirror Chern number of the
whole BZ is calculated as nM(001) = 4 (Fig.2(f-2))
Around the Σ-line—Finally, we discuss the local model
on the Σ-line (The detail of the calculation is given in the
SM[34]). The local model without SOC is written as
HΣ = kzσx + (k
2
x − k
2
y + k
2
z + b)σz. (11)
Here the kz direction is parallel to the Σ-line and b is a
real tunable parameter. The (001) mirror plane is the
kx = 0 plane, and the (110) mirror plane is the ky = 0
plane. In this model, hyperbolic nodal lines emerge on
the kz = 0 plane. The nodal lines penetrate the kx = 0
plane for a b < 0 case, and the ky = 0 for a b > 0 case
(Fig.2(b-2)). When b = 0, the two nodal lines touch each
other, and this touching corresponds to the reconnection
of nodal line (Fig.2(a-2)). The local model with SOC is
HΣ,soc = HΣs0 + χσy(−kysx + kxsy). (12)
In this model, there are two mirror invariant planes, and
thus we can discuss how the reconnection of nodal lines
affects the mirror Chern numbers. First, we focus on the
kx = 0 plane. The +i mirror eigenvalue block is
H
(kx=0)
Σ,+ = kzσx − χkyσy + (−k
2
y + k
2
z + b)σz. (13)
The x component of the Berry curvature of the occupied
band is
B
(kx=0)
Σ,+,x =
−χ
2R3Σ,(kx=0)
(−k2y + k
2
z − b), (14)
where the RΣ,(kx=0) is defined as
RΣ,(kx=0) =
√
k2z + χ
2k2y + (−k
2
y + k
2
z + b)
2. (15)
When b > 0, the Berry curvature B
(kx=0)
Σ,+,x has sharp
peaks (Fig.2(c-2),upper right) at the points where the
nodal lines penetrate when SOC is neglected. As b get-
ting smaller, the two peaks get closer, and they meet
each other when b = 0 (Fig.2(c-2),upper middle) and
vanish in b < 0 (Fig.2(c-2),upper left). The b depen-
dence of the mirror Chern number nM(001) of this local
model is calculated numerically and the result is shown
in Fig.2(d-2). The mirror Chern number is changed at
b = 0, nM(001) = 1 for b > 0, and nM(001) = 0 for b < 0.
Next, we focus on the ky = 0 plane. The +i mirror
eigenvalue block is
H
(ky=0)
Σ,+ = kzσx + χkxσy + (k
2
x + k
2
z + b)σz . (16)
The y component of the Berry curvature of the occupied
band is
B
(ky=0)
Σ,+,y =
χ
2R3Σ,ky=0
(k2x + k
2
z − b), (17)
where the RΣ,(ky=0) is defined as
RΣ,ky=0 =
√
k2z + χ
2k2x + (k
2
x + k
2
z + b)
2. (18)
Contrary to the kx = 0 plane, the sharp peak feature
of the Berry curvature on the ky = 0 plane is seen only
when b < 0. The mirror Chern number nM(110) of this
local model also shows a contrasting behavior to nM(001)
(Fig.2(d-2)), nM(110) = 0 for b > 0, and nM(110) = 1 for
b < 0.
In both of the results on the kx = 0 plane and the ky =
0 plane, the nodal lines are considered as sources of the
mirror Chern numbers. Furthermore, by comparing the
two results, we can see that the b = 0 is a phase transition
point. Considering that the b = 0 is the reconnection
point of the nodal lines, the reconnection of nodal lines in
the system without SOC corresponds to the topological
phase transition in the system with SOC. Actually, when
b = 0, the model Eq.(12) has a gapless point at k = 0. It
is reasonable because generally a gap closing is required
for a topological phase transition [17, 37]. Finally, we
calculate the mirror Chern numbers of the whole BZ.
The mirror numbers are nM(110) = 0 and nM(001) = 4
for b > 0, and nM(110) = 2 and nM(001) = 0 for b < 0.
Although the transition of the mirror Chern numbers is
one by one in the local model, the transition in the whole
BZ occurs between nM(001) = 4 and nM(110) = 2. It is
because there are three symmetric planes for the (001)
plane, but on the other hand, there are six symmetric
planes for the (110) plane.
Discussion and Conclusion.—Although the local mod-
els are discussed separately, they are originated from a
two-bands model in the whole BZ as we assumed first.
In the first assumption, there are two different nodal line
phases. One of them has nodal lines roughly located
around the L-point (Fig.2(a-1)), and the other has nodal
lines roughly located around the W-point (Fig.2(a-3)).
The former phase includes the local model around the L-
point and the local model around the Σ-line with b < 0.
The latter phase includes the local model around the W-
point and the local model around the Σ-line with b > 0.
As shown in the local model calculations, when SOC is
taken into account, the former nodal line semimetal phase
is mapped to the topological crystalline insulator phase
with (nM(110) , nM(001)) = (2, 0) (Fig.2(f-1)), and the lat-
ter nodal line semimetal phase is mapped to the topolog-
ical crystalline insulator phase with (nM(110) , nM(001)) =
5Space group #225 : Fm3¯m
Z8 weak nM(001) nM(110)
4 000 0 2
4 000 4 0
TABLE I. Possible topological invariant combinations for
Z8 = 4 phase in the space group #225 with SOC [6].
(0, 4) (Fig.2(f-2)). Now the obtained phases are topo-
logical crystalline insulator phases when SOC is taken
into account, and thus the symmetry-based indicator is
well-defined in the phases [4]. It is noteworthy how these
phases are classified by the symmetry-based indicator.
Actually, both of the obtained phases have the same in-
dicator Z8 = 4 (Fig.2(e-1)). A previous study has given
possible topological invariant combinations for each in-
dicator [6], and that for Z8 = 4 is listed in Table I. It
includes our obtained phases, of course. The reason why
our obtained phases have the same indicator is that the
gap closing on the phase transition point, or the recon-
nection of nodal lines in the system without SOC, occurs
between the two bands with the same irreps. Since the
symmetry-base indicator checks the irreps of occupied
bands, it must be identical before and after the phase
transition. However, our result has shown that when
SOC is turned off, there is a clear difference between
nodal lines penetrating the (110) mirror plane and nodal
lines panatrating the (001) mirror plane. Additionally,
considering that the nodal line is crossing the Q-line, it
must penetrate one of the mirror planes. This means
that when SOC is taken into account, the system cannot
be topologically trivial and there are only two possible
mirror Chern number combinations.
Although our calculation is still a case study in FCC,
this fact can lead to a subdividing classification theory.
Note added 1.— Our model with nodal lines in this
study has Z4 = 0 when SOC is neglected. On the other
hand, when SOC is taken into account, Z8 = 4. Consider-
ing that ”true trivial phase” in #225 should have Z4 = 0
(w/o SOC) and Z8 = 0 (w/ SOC), this fact suggests that
there is ”another Z2 index” and it will distinguish Z4 = 0
(w/o SOC) with and without nodal lines. However, this
point remains as a future work.
Note added 2.— As a parallel work, the mapping rule
is studied in the body-centered tetragonal system (the
space group #139 (I4/mmm)) [38]. In this parallel work,
a similar mapping from nodal lines to mirror Chern num-
bers is reported.
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I. POINT GROUPS AND IRREDUCIBLE REPRESENTATIONS
Here we describe the definition of the point groups and irreducible representations (irreps) we use in the main
article [? ]. The L-point, W-point, and Σ-line are the high-symmetry points (line) in the Brillouin zone (BZ) of the
face-centered cubic (FCC) lattice (Fig.S1).
L-point
D3d E 2C3 3C
′
2 I 2IC3 3 σv
Γ+1 1 1 1 1 1 1
Γ+2 1 1 -1 1 1 -1
Γ+3 2 -1 0 2 -1 0
Γ−1 1 1 1 -1 -1 -1
Γ−2 1 1 -1 -1 -1 1
Γ−3 2 -1 0 -2 1 0
TABLE S1. Point group D3d and its irreps. This point group is a little group of the L-point. The σv is the (110) mirror, and
the C′2 is the rotation around the Q-line.
W-point
D2d E 2IC4 C2 2C
′
2 2 σd
Γ1 1 1 1 1 1
Γ2 1 1 1 -1 -1
Γ3 1 -1 1 1 -1
Γ4 1 -1 1 -1 1
Γ5 2 0 -2 0 0
TABLE S2. Point group D2d and its irreps. This point group is a little group of the W-point. The σd is the (001) mirror, and
the C′2 is the Q-line.
Σ-line
C2v E C2 σy σx
Γ1 1 1 1 1
Γ2 1 1 -1 -1
Γ3 1 -1 1 -1
Γ4 1 -1 -1 1
TABLE S3. Point group C2v and its irreps. This point group is a little group of the Σ-line. The σy is the (110) mirror, and
the σx is the (001) mirror.
∗ i.tateishi@hosi.phys.s.u-tokyo.ac.jp
2FIG. S1. Brillouin zone of face-centered cubic lattice (Space group #225, Fm3¯m). The (001) mirror plane and the (110) mirror
plane is shown as green and red planes, respectively. The hexagonal surface of the BZ is shown as a blue plane for convenience,
though it is not a high-symmetry plane.
II. CONSTRUCTION OF THE LOCAL MODELS
Here we explain how we construct the two by two local models on the L-point, the W-point, and the Σ-line. First
of all, we consider nodal lines protected by time-reversal(TR) and inversion symmetries [? ? ]. To construct concrete
local models, we briefly review how TR+inversion protected nodal lines emerge. Generally, TR+inversion symmetry
prohibits the existence of a point node in the momentum space. Therefore, when the band dispersion has a degenerate
point on a high-symmetry line, it must be a part of a nodal line.
In our target system, which is based on some realistic materials [? ? ], the nodal line emerges from a degenerated
point on the C2 rotation invariant line (the Q-line).
A. Irreps of the each band
1. L-point
The two bands must satisfy the following conditions.
• The two bands have the same mirror eigenvalue for σv (no nodal line on the mirror plane).
• The two bands have different C′2 rotation eigenvalues.
• The two bands are non-degenerate bands.
The pair of two bands which satisfy these conditions is {Γ+1 ,Γ
−
2 } or {Γ
+
2 ,Γ
−
1 }
2. W-point
The two bands must satisfy the following conditions.
• The two bands have the same mirror eigenvalue for σd (no nodal line on the mirror plane).
• The two bands have different C′2 rotation eigenvalues.
• The two bands are non-degenerate bands.
The pair of two bands which satisfy these conditions is {Γ1,Γ4} or {Γ2,Γ3}
3L-point Σ-line W-point
(1) {Γ+1 ,Γ
−
2 } {Γ1,Γ1} {Γ4,Γ1}
(2) {Γ+1 ,Γ
−
2 } {Γ3,Γ3} {Γ3,Γ2}
(3) {Γ+2 ,Γ
−
1 } {Γ2,Γ2} {Γ3,Γ2}
(4) {Γ+2 ,Γ
−
1 } {Γ4,Γ4} {Γ4,Γ1}
TABLE S4. Possible set of irreps of bands on each high-symmetry points.
FIG. S2. Schematic picture of the band dispersion of the case (1) in Table S4.
3. Σ-line
The two bands must satisfy the following conditions.
• The two bands have the same mirror eigenvalue for σx (no nodal line on the mirror plane).
• The two bands have the same mirror eigenvalue for σy (no nodal line on the mirror plane).
• The two bands are non-degenerate bands.
The pair of two bands which satisfy these conditions is {Γ1,Γ1} or {Γ2,Γ2} or {Γ3,Γ3} or {Γ4,Γ4}.
B. Band connection
By considering the compatibility relation, we can decide how the bands in each high-symmetry points (line) are
connected. When the system has nodal lines, the irreps of the occupied band on the L-point and the W-point must
violate the compatibility relation along the L-W line, i. e. the eigenvalues of the C2 rotation along the L-W are
different in both ends. The possible combinations are given in Table S4. A schematic picture of the band dispersion
of the case (1) is shown in Fig.S2.
C. Derivation of the local model
Here we explain how we derive the local models on each high-symmetry point (line). For the set of irreps, we assume
the case (1) in Table S4. However, it is proved later that the choice of the set does not matter in the construction of
the local models. Now we construct a two-bands model, and thus we derive the coefficients of the Pauli matrices to
satisfy the symmetric restriction of the system. We consider the k · p-perturbation within the second-order of k.
1. L-point
The coordinate system of the local model around the L-point is shown in Fig.S3. The origin is placed at the L-point
and the kz axis is parallel to the Λ-line, which is the C3 rotation axis. The kz axis is perpendicular to the hexagonal
face of the BZ (blue plane). The kx axis is parallel to the Q-line, which is the C
′
2 rotation axis. The σv mirror
invariant plane, which is the (110) plane, is the kx = 0 plane. In Table S5, we show how each term is transformed
4L-point
E 2C3 3C
′
2 I 2IC3 3σv
operator σ0 σz σz σ0
1 (const.) 1 1 1 1 1 1
kx kx * kx −kx * −kx
ky ky * −ky −ky * ky
kz kz kz −kz −kz −kz kz
k2x + k
2
y k
2
x + k
2
y k
2
x + k
2
y k
2
x + k
2
y k
2
x + k
2
y k
2
x + k
2
y k
2
x + k
2
y
k2z k
2
z k
2
z k
2
z k
2
z k
2
z k
2
z
* kx and ky are prohibited by the C3
TABLE S5. Transformation of each term by the symmetric operator of the little group of the L-point. kx, ky , kxky, kykz, and
kzkx are prohibited by the C3
FIG. S3. Coordinate system of the local model around the L-point.
by the symmetry operators of the little group of the L-point. When we consider a model within the second-order of
k, the C3 rotation symmetry requires the model to be isotropic in the kx-ky plane. It is assumed that the two bases
have different eigenvalues for C′2, while they have the same eigenvalues for σv. Therefore, the operators are written
as σz for C
′
2 and I, and σ0 for σv. Note that the σv is the (110) mirror, but σz is the Pauli matrix and σ0 is a two
by two identity matrix. The local model around the L-point is written as
H(k) = kzσx + (k
2
x + k
2
y + k
2
z + const.)σz . (S1)
We neglect some degree of freedom to make the model simple, e. g., a constant energy shift by σ0, and the coefficient
of the kz term. It is because they are negligible in our calculation of the topological invariants.
The local model with SOC (amplitude χ) is written as
Hsoc(k) = kzσxs0 + (k
2
x + k
2
y + k
2
z + const.)σzs0 + χσy(−kysx + kxsy). (S2)
The operator of the mirror σv is given as iσ0sx, and the operator of C
′
2 is given as iσzsx.
2. W-point
The coordinate system of the local model around the W-point is shown in Fig.S4. The origin is placed at the W-point
and the kz axis is parallel to the Z-line, which is the C2 rotation axis. The σd mirror invariant plane, which is the (001)
5W-point
E IC4 C2 2C
′
2 2σd
operator σ0 σz σ0
1 (const.) 1 1 1 1 1
kx kx −ky −kx ky −kx
ky ky kx −ky kx ky
kz kz −kz kz −kz kz
k2x k
2
x k
2
y k
2
x k
2
y k
2
x
k2y k
2
y k
2
x k
2
y k
2
x k
2
y
k2z k
2
z k
2
z k
2
z k
2
z k
2
z
kxky kxky −kxky kxky kxky −kxky
kykz kykz −kxkz −kykz −kxkz kykz
kzkx kzkx kykz −kzkx −kykz −kzkx
TABLE S6. Transformation of each term by the symmetric operator of the little group of the W-point.
FIG. S4. Coordinate system of the local model around the W-point.
plane, is the kx = 0 plane. The Q-line, which is C
′
2 rotation axis, is a line represented as {kx + ky = 0 and kz = 0}.
In Table S5, we show how each term is transformed by the symmetry operators of the little group of the W-point.
As explained before in the derivation around the L-point, the operator of σd and C
′
2 are assumed as σ0 and σz ,
respectively. The local model around the W-point is written as
H(k) = (kz + ak
2
x − ak
2
y)σx + (k
2
x + k
2
y + k
2
z + const.)σz , (S3)
where a is a real constant.
The local model with SOC (amplitude χ) is written as
Hsoc(k) = (kz + ak
2
x − ak
2
y)σxs0 + (k
2
x + k
2
y + k
2
z + const.)σzs0 + χσy(−kysx + kxsy). (S4)
The operator of the mirror σd is given as iσ0sx, and the operator of C
′
2 is given as iσz
1√
2
(sx + sy).
3. Σ-line
The coordinate system of the local model around the Σ-line is shown in Fig.S5. Now the local model should be
constructed to represent the reconnection of nodal lines by tuning a parameter. The symmetry of the FCC lattice
6Σ-line
E C2 σx σy
operator σ0 σ0 σ0
1 (const.) 1 1 1 1
kx kx −kx −kx kx
ky ky −ky ky −ky
kz kz kz kz kz
k2x k
2
x k
2
x k
2
x k
2
x
k2y k
2
y k
2
y k
2
y k
2
y
k2z k
2
z k
2
z k
2
z k
2
z
kxky kxky kxky −kxky −kxky
kykz kykz −kykz kykz −kykz
kzkx kzkx −kzkx −kzkx kzkx
TABLE S7. Transformation of each term by the symmetric operator of the little group of the Σ-line. Note that the σx(σy) on
the top row is the mirror which reverse the kx(ky).
FIG. S5. Coordinate system of the local model around the Σ-line.
requires that the reconnection of the nodal lines should occur on the Σ-line. The origin is placed at the point where the
reconnection of nodal lines occurs. The kz axis is parallel to the Σ-line. The (001) mirror plane and the (110) mirror
plane are the kx = 0 plane and the ky = 0 plane, respectively. In Table S7, we show how each term is transformed by
the symmetry operators of the little group of the Σ-line. Now both of the (001) mirror operator and the (110) mirror
operator are assumed as σ0. The local model around the Σ-line can be given with tunable parameter b as
H(k) = kzσx + (k
2
x − k
2
y + k
2
z + b)σz . (S5)
In this model, hyperbolic nodal lines emerge and a reconnection of them occurs at the origin when b = 0.
The local model with SOC (amplitude χ) is written as
Hsoc(k) = kzσxs0 + (k
2
x − k
2
y + k
2
z + b)σzs0 + χσy(−kysx + kxsy). (S6)
The operator of the (001) mirror is given as iσ0sx, and the operator of the (110) mirror is given as iσ0sy.
74. About other sets of irreps
We considered the (1) case in Table S4 above. When we choose another case, we need to replace some mirror
operator with −σ0, instead of σ0. However, it is easy to see that this replacement makes no difference in the derived
model. Therefore, we can say that the derived model is describing all cases in Table S4.
III. CALCULATION OF THE MIRROR CHERN NUMBER
Here we show the detail of the calculation of the Berry curvature and the mirror Chern number.
A. L-point
The local model with SOC is written as
HL,soc = kzσxs0 + (k
2
x + k
2
y + k
2
z −∆
2)σzs0 + χσy(−kysx + kxsy), (S7)
where ∆ is a real positive constant. When SOC is neglected (χ = 0), the gapless points are given as a solution of
{
kz = 0
k2x + k
2
y + k
2
z −∆
2 = 0
. (S8)
The solution of these equations is a ring with a radius ∆ on the kx-ky plane.
On the (110) plane (the kx = 0 plane), the model is rewritten as
HL,soc = kzσxs0 + (k
2
y + k
2
z −∆
2)σzs0 − χσykysx. (S9)
By using a unitary transformation U = σ0
1√
2
(sx + sz), the model is block diagonalized as
U †HL,socU = kzσxs0 + (k2y + k
2
z −∆
2)σzs0 − χσykysz. (S10)
The (110) mirror operator is also transformed as U †iσ0sxU = iσ0sz. Now the two blocks are corresponding to the
blocks with +i and −i mirror eigenvalues, respectively. They are explicitly given as
HL,+ = XLσx − YLσy + ZLσz , (S11)
HL,− = XLσx + YLσy + ZLσz , (S12)
XL = kz , YL = χky , ZL = k
2
y + k
2
z −∆
2. (S13)
The Berry connection of the occupied band of HL,+ is calculated as
AL,+,y =
−χkz
2RL(RL − ZL)
,
AL,+,z =
χky
2RL(RL − ZL)
,
(S14)
where RL is defined as
RL =
√
X2L + Y
2
L + Z
2
L. (S15)
The x component of the Berry curvature is given as
BL,+,x =
∂AL,+,z
∂ky
−
∂AL,+,y
∂kz
=
χ
2R3L
(ZL + 2∆
2). (S16)
The χ dependence of BL,+,x is shown in Fig.S6. When χ is large, for example χ = 1.00, BL,+,x is spread widely. As
χ getting smaller, sharper peaks appear on the points where the nodal line penetrates when SOC is neglected. The
8FIG. S6. χ dependence of BL,+,x.
Chern number of the occupied band of the +i block, CL,+, is calculated by integrating the Berry connection on a
circle path (ky, kz) = (k cos θ, k sin θ),
CL,+ =
1
2pi
∮
dk ·A =
1
2pi
∫ 2pi
0
dθ
χk2
k2(cos2 θ + χ2 sin2 θ)
=
χ
|χ|
. (S17)
Here we assume k ≫ 1, and then RL ∼ |ZL| and RL − ZL ∼
X2L+Y
2
L
2|ZL| . Generally, it is known that the Chern number
of the −i block satisfies CL,− = −CL,+. Therefore, the mirror Chern number nM(110) of this local model is given as
nL,M(110) =
CL,+ − CL,−
2
=
χ
|χ|
=
{
1 (χ > 0)
−1 (χ < 0)
. (S18)
B. W-point
The local model with SOC is written as
HW,soc = (kz + ak
2
x − ak
2
y)σxs0 + (k
2
x + k
2
y + k
2
z −∆
2)σzs0 + χσy(−kysx + kxsy), (S19)
where ∆ and a are real positive constants. When SOC is neglected (χ = 0), the gapless points are given as a solution
of {
kz + ak
2
x − ak
2
y = 0
k2x + k
2
y + k
2
z −∆
2 = 0
. (S20)
The solution of these equations is a ”oscillating ring” around the origin.
On the (001) plane (the kx = 0 plane), the model is rewritten as
HW,soc = (kz − ak
2
y)σxs0 + (k
2
y + k
2
z −∆
2)σzs0 − χσykysx. (S21)
By using a unitary transformation U = σ0
1√
2
(sx + sz), the model is block diagonalized as
U †HW,socU = (kz − ak2y)σxs0 + (k
2
y + k
2
z −∆
2)σzs0 − χσykysz. (S22)
The (001) mirror operator is also transformed as U †iσ0sxU = iσ0sz . The two block with +i and −i mirror eigenvalues
are explicitly given as
HW,+ = XWσx − YWσy + ZWσz , (S23)
HW,− = XWσx + YWσy + ZWσz, (S24)
XW = kz − aky , YW = χky , ZW = k
2
y + k
2
z −∆
2. (S25)
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The Berry connection of the occupied band of HW,+ is calculated as
AW,+,y =
−χ(kz + ak
2
y)
2RW (RW − ZW )
,
AW,+,z =
χky
2RW (RW − ZW )
,
(S26)
where RW is defined as
RW =
√
X2W + Y
2
W + Z
2
W . (S27)
The x component of the Berry curvature is given as
BW,+,x =
∂AW,+,z
∂ky
−
∂AW,+,y
∂kz
=
χ
2R3W
(ZW + 2∆
2 + 2ak2ykz). (S28)
The chi dependence of BW,+,x is shown in Fig.S7. Similarly to the case of the L-point, the sharp peak feature in a
small χ region is seen. The Chern number of the occupied band of the +i block is calculated by integrating the Berry
connection on a closed path (ky , kz) = (k cos θ, k sin θ + ak
2 cos2 θ),
CW,+ =
1
2pi
∮
dk ·A =
1
2pi
∫ 2pi
0
dθ
χk2
k2(cos2 θ + χ2 sin2 θ)
=
χ
|χ|
. (S29)
Note that the closed path always involves the points where sharp peaks appear. The mirror Chern number nW,M(001)
is given as
nW,M(001) =
CW,+ − CW,−
2
=
χ
|χ|
=
{
1 (χ > 0)
−1 (χ < 0)
. (S30)
C. Σ-line
The local model with SOC is written as
HΣ,soc = kzσxs0 + (k
2
x − k
2
y + k
2
z + b)σzs0 + χσy(−kysx + kxsy). (S31)
On the kx = 0 plane (the (001) mirror plane), the model is block diagonalized with a unitary transformation
U1 = σ0i
1√
2
(sx + sz) as
H
(kx=0)
Σ,+ = XΣ,xσx + YΣ,xσy + ZΣ,xσz , (S32)
H
(kx=0)
Σ,− = XΣ,xσx − YΣ,xσy + ZΣ,xσz , (S33)
10
XΣ,x = kz , YΣ,x = χky , ZΣ,x = −k
2
y + k
2
z + b. (S34)
The mirror operator about the kx = 0 plane is also transformed as U
†
1 (−iσ0sx)U1 = −iσ0sz. The Berry connection
of the occupied band of H
(kx=0)
Σ,+ is calculated as
A
(kx=0)
Σ,+,y =
χkz
2RΣ,(kx=0)(RΣ,(kx=0) − ZΣ,x)
,
A
(kx=0)
Σ,+,z =
−χky
2RΣ,(kx=0)(RΣ,(kx=0) − ZΣ,x)
,
RΣ,(kx=0) =
√
X2Σ,x + Y
2
Σ,x + Z
2
Σ,x
(S35)
and the x component of the Berry curvature is given as
B
(kx=0)
Σ,+,x =
∂A
(kx=0)
Σ,+,x
∂ky
−
∂A
(kx=0)
Σ,+,x
∂kz
=
−χ
2R3Σ,(kx=0)
(ZΣ,x − 2b). (S36)
On the ky = 0 plane (the (110) mirror plane), the model is block diagonalized with a unitary transformation
U2 = σ0i
1√
2
(sy + sz) as
H
(ky=0)
Σ,+ = XΣ,yσx + YΣ,yσy + ZΣ,yσz, (S37)
H
(ky=0)
Σ,− = XΣ,yσx − YΣ,yσy + ZΣ,yσz, (S38)
XΣ,y = kz , YΣ,y = χky , ZΣ,y = k
2
x + k
2
z + b. (S39)
The mirror operator about the ky = 0 plane is also transformed as U
†
2 iσ0syU2 = iσ0sz . The Berry connection of the
occupied band of H
(ky=0)
Σ,+ is calculated as
A
(ky=0)
Σ,+,x =
χkz
2RΣ,(ky=0)(RΣ,(ky=0) − ZΣ,y)
,
A
(ky=0)
Σ,+,z =
−χky
2RΣ,(ky=0)(RΣ,(ky=0) − ZΣ,y)
,
RΣ,(ky=0) =
√
X2Σ,y + Y
2
Σ,y + Z
2
Σ,y
(S40)
and the y component of the Berry curvature is given as
B
(ky=0)
Σ,+,y =
∂A
(ky=0)
Σ,+,x
∂kz
−
∂A
(ky=0)
Σ,+,z
∂kx
=
χ
2R3Σ,(ky=0)
(ZΣ,y − 2b). (S41)
The mirror Chern numbers are numerically calculated and the result is
nΣ,M(001) =
{
1 (b > 0)
0 (b < 0)
,
nΣ,M(110) =
{
0 (b > 0)
1 (b < 0)
,
(S42)
as shown in the main article.
